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Improved Frequency-Domain Channel Estimation
for Fast Time-Varying MIMO-SCFDE Channels
Yahong Rosa Zheng and Jian Zhang
Department of Electrical & Computer Engineering
Missouri University of Science and Technology, Rolla, MO 65409, USA
Email: zhengyr@mst.edu and jzphd@mst.edu
Abstract— A frequency-domain channel estimation method
is proposed for time-varying multiple-input multiple output
(MIMO) single-carrier frequency-domain equalization (SC-FDE).
The proposed method uses frequency-domain interpolation to
obtain channel frequency responses of data blocks from estimated
responses of two adjacent pilot blocks. It takes the channel
temporal-spatial correlation into account to achieve minimum
mean squared error (MMSE) estimation, thus improving the
accuracy and effectiveness in high Doppler scenarios. The simulation results of the bit error rate (BER) performances show that
the proposed method works well for fast time-varying channels
with Doppler spread as high as 300 Hz while maintaining over
70% data efficiency.

I. I NTRODUCTION
Single-carrier frequency-domain equalization (SC-FDE) has
been adopted as the uplink scheme for broadband high speed
wireless communications, in contrast to orthogonal frequency
division multiplexing (OFDM) for downlink communications.
SC-FDE enjoys the same performance and overall computational complexity as OFDM while having less problems
with peak-to-average power ratio and less sensitivity to carrier
frequency errors [1]. Accurate channel estimation plays an
important role in practical SC-FDE systems. The Bit Error
Rate (BER) of SC-FDE systems under rapid fading channels
can degrade significantly by 3 to 10 dB [2] than those in quasistatic fading channels.
Recently, several studies have been reported in the literature
for frequency-domain channel estimation in rapid time-varying
channels. A common approach is to employ least mean squares
(LMS) or recursive least squares (RLS) adaptive estimation.
For example, initial training blocks are employed in [2], [3],
[4] for LMS/RLS equalization; unique words are used in each
data block in [9] for MIMO (Multi-input Multi-output) RLS
estimation algorithm; and pilot symbols in each data block are
used to perform structured or unstructured LMS/RLS estimation in [5], [6], [7]. These methods can achieve excellent performance over slow fading channels with maximum Doppler
frequency up to several ten Hz. A frequency-domain interpolation method has been proposed in [8] using estimates of two
pilot blocks to interpolate the channel frequency response for
the data blocks in between. The interpolation utilizes only the
individual sub-channel of the two pilot blocks to estimate the
corresponding sub-channel of the data blocks thus having very
low computational complexity. Excellent performances have
been demonstrated for Single-Input Multiple-output (SIMO)
channels. No spatial or inter-tap correlation has been taken
into account in [8]. In this paper, we extend the frequencydomain interpolation method to MIMO channel estimation.

We also consider the spatial correlation among the subchannels of the receive antennas and the inter-tap correlation
of the frequency-selective channel. Simulation results show
that including spatial correlation improves estimation accuracy
with slightly increased computational complexity. Inter-tap
correlation affects the performance slightly with significantly
increased computational complexity.
The following notions are used in the paper: lowercase bold
fonts represent time-domain vectors or matrices, uppercase
bold fonts denote frequency-domain vectors
or matrices. The
√
−1, and Im is the
operator E is the expectation, j =
m × m identity matrix. Superscripts (·)∗ , (·)−1 , (·)T and
(·)H denote the complex conjugate, inverse, transpose and
conjugate transpose respectively.
II. MIMO-SCFDE T RANSCEIVER A RCHITECTURE
Consider a spatial multiplexing MIMO system with nT
transmit antennas and nR receive antennas. The baseband
equivalent system model of the MIMO-SCFDE transceiver
is shown in Fig. 1. At the transmitter, the data stream
is split into nT independent branches by a serial-toparallel (S/P) converter. At each branch, the data stream
is partitioned into blocks of N symbols, denoted xt =
[xt (1), . . . , xt (n), . . . , xt (N )]T , for t = 1, . . . , nT . A lengthNc cyclic prefix (CP) is inserted into each data block, which
is a copy of the last Nc symbols of the data block. Several
data blocks are grouped into a frame and each frame contains
a pilot block, as shown in Fig. 2.
The data stream at each branch is modulated onto a single
carrier and transmitted from each antenna across the timevarying and frequency-selective fading channel. At the receive
end, the received signals are also corrupted by Additive White
Gaussian Noises (AWGN). The signals at each receive branch
are processed by a front-end unit consisting of a matched
filter, a Ts -spaced sampler, CP remover, and a serial-to-parallel
converter. The time-domain baseband signals are converted
into frequency-domain by fast Fourier transform (FFT). Then
frequency-domain channel estimation, equalization and demultiplexing are performed, followed by inverse fast Fourier
transform (IFFT) to convert the frequency-domain signal to
the time-domain signal. Finally, symbol detection is made
based on the time-domain signals then a parallel-to-serial (P/S)
converter outputs the estimated data sequence serially.
The time-domain MIMO system can be expressed by the
baseband equivalent model as
y = gx + v
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Fig. 2. The frame structure for MIMO-SCFDE, where the period of one block is Tb = (N + Nc )Ts and the frame duration is Tf = Nf (N + Nc )Ts ,
where Ts is the symbol period, and Nf is the number of blocks per frame.

where the concatenated input and noise vectors are x =
[xT1 , xT2 , . . . , xTnT ]T and v = [vT1 , . . . , vTnR ]T , respectively.
The output vector y = [yT1 , yT2 , . . . , yTnR ]T with
yr =

nT


and the channel matrix g = {gr,t } is an (N nR ) × (N nT )
matrix whose (r, t)-th sub-channel impulse response gr,t can
be expressed as an N × N circulant matrix
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−j2π(k−1)(n−1)
,
for k, n = 1, 2, . . . , N .
N
property BH
B
=
I
N nT , we obtain the frequencynT nT

Using the
domain representation of the MIMO channel as
Y = BnR y

gr,t xt + vr ,

r=1



√1
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..
.
..
.
..
.
..
.
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.
...



gr,t (2)
..


.


gr,t (L) 
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..
. 


0 
gr,t (1)
(2)

where L is the length of the channel response and gr,t denotes
the impulse response between the t-th transmit antenna and the
r-th receive antenna. Note that, in a fast time-varying fading
channel, the channel response may vary within one block
duration. The circulant matrix model is a valid assumption
only when the block duration Tb is smaller than the channel
coherence time.
The frequency-domain channel model is obtained by taking Discrete Fourier Transform (DFT) on both sides of
(1). Define BK = IK ⊗ FN , where ⊗ denotes the Kronecker product and FN is the normalized DFT matrix of
size N × N . The (k, n)-th element of FN is given by

= BnR gx + BnR v
= BnR gBH
nT BnT x + BnR v
= GX + V

where the channel frequency response matrix G is

G1,1 . . . G1,nT

..
..
H
..
G = BnR gBnT = 
.
.
.
GnR ,1

...

(3)

defined by




(4)

GnR ,nT

and Gr,t = FN gr,t FH
N . Since gr,t is a circulant matrix, the
corresponding frequency response Gr,t will be a diagonal
matrix whose inverse is easy to compute. However, the overall
channel matrix G is not diagonal, which does not lead to computational savings in the present form. To take the advantage
of the diagonal property along the frequency bins, re-arrange
the input and output vectors by each frequency bin
X = [XT (1), . . . , XT (k), . . . , XT (N )]T ,
Y = [YT (1), . . . , YT (k), . . . , YT (N )]T
where X(k) = [X1 (k), . . . , Xt (k), . . . , XnT (k)]T and
Y(k) = [Y1 (k), . . . , Yr (k), . . . , YnR (k)]T . Similarly, the
channel matrix for the k-th frequency bin is


G1,1 (k) . . . G1,nT (k)


..
..
..
G(k) = 
(5)

.
.
.
GnR ,1 (k)

...

GnR ,nT (k)
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The channel matrix G is converted into a block diagonal matrix
consisting of N smaller matrices G(k), i.e., G = diag[G(k)].
The channel model for each frequency bin is then defined as
Y(k) = G(k)X(k) + V(k),

k = 1, . . . , N

(6)

The frequency domain channel estimation and equalization
can be performed separately for each k, thus reducing the
computational complexity.

N +1

Ẑt (k) = Ĝ11,t (k) . . . Ĝ1nR ,t (k) Ĝ1,tf

N +1

(k) . . . ĜnRf ,t (k)

T

(8)

and denote Cm
r,t (k) the corresponding interpolation row vector
for the m-th data block in the current frame. The channel
response of the data block is given by
m
Ĝm
r,t (k) = Cr,t (k)Ẑt (k), m = 2, . . . , Nf , k = 1, . . . , N. (9)

Then the mean squared estimation error is determined by


m
2
m
2
= E |Gm
(10)
m
r,t (k) = E |er,t (k)|
r,t (k) − Ĝr,t (k)|

III. T HE P ROPOSED F REQUENCY-D OMAIN C HANNEL
E STIMATION M ETHOD
A. Channel Estimation for Pilot Blocks
Channel estimation for pilot blocks relies on careful design of pilot sequences. First, the orthogonality of the pilot
sequences are needed to separate the responses of multiple
sub-channels at each receive antenna. Second, pilot sequences
having constant amplitude over all frequency bins are desirable
to avoid noise enhancement. The pilot design proposed in [4]
satisfies both requirements. We adopt this pilot design and
summarize the channel estimation procedures here.
Step 1. Choose a length-(N/nT ) Chu sequence [11] and
duplicate the time-domain Chu sequence for nT times to yield
a length-N training sequence for the first transmit antenna.
Denote the training sequence as p1 = [c, . . . , c]1×N , where
c denotes the length-(N/nT ) Chu sequence. The spectrum
of the pilot sequence exhibit periodic peaks with (nT − 1)
zeros in between. Construct the pilot sequence for the r-th
transmit antenna by rotating p1 in frequency domain yielding
orthogonal pilot sequences.
Step 2. Using the orthogonality property, the channel response at frequency bins Ψt = {t, t + nT , . . . , N − nT + t}
(k)
(k)
are estimated by G̃r,t (k) = YPrt (k)
= Gr,t (k) + VPrt (k)
.
Step 3. Multiply a scalar factor nT with the initial estimation and transform the result into time domain estimate
g̃r,t by IFFT. Then window g̃r,t to remove taps at n =
L + 1, . . . , N/nT . This technique can reduce estimation
noise and it was originally proposed for OFDM systems [10].
Step 4. Convert the windowed impulse response into frequency domain. This will provide estimation of frequency
response for all frequency bins which can be expressed as
Ĝr,t = Gr,t + V̂t = FN Ug̃r,t

antennas in the interpolation method, we define a column
vector different from that in [8] as

(7)

where V̂t is the estimated noise vector and U is a diagonal
windowing matrix whose first L diagonal elements are ones
and others are zeros.
B. The New Interpolation Method for Data Block Channel
Estimation
The proposed frequency-domain interpolation method utilizes two adjacent pilot blocks to estimate the channel responses of data blocks. Let superscript m be the block index.
N +1
Let Ĝ1r,t (k) and Ĝr,tf (k) be the estimated channel responses
of the pilot blocks of the current and next frame, respectively,
both corresponding to the k-th frequency bin and the (r, t)-th
sub-channel. To consider the spatial correlation among receive

The interpolation vector Cm
r,t (k) can be solved by minimizing the mean squared error. Taking derivative of (10) with
respect to Cm
r,t (k), we obtain the optimal solution as
−1
Cm
r,t (k) = AR
H

A = E Gm
r,t (k)Ẑt (k) = [A1 . . . A(2nR ) ],


1
∗
Ai = E Gm
,
(k)(
Ĝ
(k))
r,t
i,t


Nf +1
Ai+nR = E Gm
(k))∗ ,
r,t (k)(Ĝi,t

(11)
(12)

H

R = E Ẑt (k)Ẑt (k) = {Ri,q }(2nR )×(2nR ) ,
(13)


Ri,q = E Ĝ1i,t (k)(Ĝ1q,t (k))∗


Nf +1
∗
1
∗
=
E
Ĝ
(k)(
Ĝ
(k))
Ri+nR ,q = Rq,i+n
q,t
i,t
R


Nf +1
Nf +1
Ri+nR ,q+nR = E Ĝi,t (k)(Ĝq,t (k))∗
for i, q = 1, . . . , nR . Here we drop the subscripts and
superscripts in (12) and (13) for notation convenience. It is
clear that the interpolation vector only depends on the secondorder statistics of the channel rather than the instantaneous
channel coefficients. For many practical fading channels, the
second-order statistics may remain stationary for fixed Doppler
frequencies and antenna settings. This is of great advantage
because the interpolation vectors can be obtained through
off-line training for each base station sector. Some statistic
fading models, such as isotropic or non-isotropic scattering,
Rayleigh/Ricean/Nakagami models, may also be used to compute the interpolation vectors for different scenarios. The
computed interpolation vectors can then be selected and used
directly for channel estimation of the data blocks in (9). This
leads to great computational savings in real-time processing.
An example of isotropic scattering Rayleigh fading channel is
given in Section IV.
C. MMSE Channel Equalization
With the estimated channel responses, the frequency-domain
MMSE equalizer is determined as
H

H

X̂(k) = σx2 Ĝ (k)[σx2 Ĝ(k)Ĝ (k) + Σ + εInR ]−1 Y(k) (14)
where Ĝ(k) is the estimated channel response at the k-th
frequency bin, Σ = diag(σ̂12 , . . . , σ̂n2 R ) is the estimated noise
variance matrix [4], [8], σx2 is the signal power, and ε is the
minimum mean squared error of channel estimation.
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IV. S IMULATION E XPERIMENTS

2.5

Ai

=

J0 (ωd (m −

Ai+nR

=

J0 (ωd (Nf − m + 1)Tb )ΦRx
r,i

Ri,q

=

Ri+nR ,q+nR = ΦRx
i,q fgg (k) +

Ri+nR ,q

=

J0 (ωd Nf Tb )ΦRx
i,q fgg (k)

1.5

1

0.5

0
0

(15)
L
µi,q (16)
N

where J0 (·) is the zero-order Bessel function of the first kind,
ωd = 2πfd with fd being the maximum Doppler frequency,
ΦRx
i,q is the spatial correlation coefficient between the i, q-th
sub-channel and it normally does not change much with time.
The noise correlation µi,q = σi2 for i = q and zero for i = q.
The Fourier transform of the inter-tap correlation is defined as


L
L 

−j2π(l1 − l2 )(k − 1)
T ap
(17)
Φl1 ,l2 exp
fgg (k) =
N
l1 =1 l2 =1

with ΦTl1ap
,l2 being the inter-tap correlation between the l1 -th and
l2 -th taps of the fading channel. The inter-tap correlation may
change slightly faster than the spatial correlation, requiring
more frequent adjustment. The derivation of (15) is omitted
here due to the page limit.
As a numerical example, a 60-tap frequency-selective
Rayleigh fading channel was simulated using the triplyselective fading model [12]. Although the frequency-domain
equalizer assumes that channel coefficients are time-invariant
within a data block, the simulated channel coefficients change
with time especially when the maximum Doppler frequency
increases. The power delay profile of the channel was chosen
such that the average power of the first 20 taps ramps up
linearly and the last 40 taps ramps down linearly. The total
average power of the fading channel was normalized to unit.
The length of the data block and CP were selected as N = 256
and Nc = 64, respectively. The symbol duration was set as
Ts = 0.25µs. The overall data efficiency was 72% — similar
to other channel estimation methods.
The estimated channel frequency responses (CFR) are
shown in Fig. 3(a) and Fig. 3(b) for a pilot block and a
data block, respectively. The maximum Doppler spread fd was
20 Hz. The mean squared error (MSE) of the new channel
estimation method approached 10−3 when SNR = 20 dB.
The proposed channel estimation method was applied to
various MIMO SCFDE and different modulation schemes. The
bit error rate (BER) performances under spatially uncorrelated
and inter-tap independent channels are shown in Fig. 4. At
fd = 20 Hz, the proposed channel estimation method requires
approximately 2 dB more SNR to achieve 10−3 BER than
that of the perfectly-known channel; while the RLS adaptive

50
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200

250

(a) Pilot Block sub-channel G1,1
2.5
True CFR
New Est. CFR
2

Magnitude Response

1)Tb )ΦRx
r,i

Initial Est.
True CFR
New Est. CFR

2

Magnitude Response

We use the commonly accepted wide-sense-stationary uncorrelated scattering (WSSUS) Rayleigh fading channel to
demonstrate the performance of the proposed method. The
interpolation vectors for this type of channel have a closed
form solution due to the decomposition property of triplyselective channels [12]. The elements in (12) and (13) are
determined as

1.5

1

0.5

0
0

50

100
150
Frequency Bins

200

250

(b) Data Block sub-channel G2,1
Fig. 3. Channel Estimation for 4×4 MIMO channels. SNR=10 dB, fd = 20
Hz, channel length L = 60Ts , Ts = 0.25µs. Block length N = 256, CP
length Nc = 64, frame length Nf = 10.

channel estimation algorithm requires at least 4 dB more SNR
to achieve the same performance, as seen in Fig. 4(a). When
the channel changes faster, the performance degrades with the
increase of fd , as shown in Fig. 4(b). Nevertheless, acceptable
performances can still be achieved when fd = 200 Hz, which
is better than those of the existing methods. Further increase of
fd leads to a smaller coherent time than the duration between
pilot blocks and data blocks thus resulting in reduced BER
performance.
When channel exhibits spatial correlation as well as intertap correlation, the proposed method considered spatial correlation and achieved better BER performance than the scheme
in [8], as shown in Fig. 5. The spatial correlation among
different receive antennas were between −0.2 and 0.5. If
channel estimation ignores the correlation, the resulting BER
performance is similar to that of Fig. 4. When considering
the correlation, higher estimation accuracy was achieved. The
BER performances in low Doppler channels were slightly
better than that of [8] for both 4×4 and 4×8 systems, as shown
in Fig.5(a). In high Doppler channels (fd = 300 Hz), the new
method achieved significantly better BER performance than
that of [8], as shown in Fig. 5(b).
V. C ONCLUSION
We have presented an improved channel estimation algorithm for MIMO SCFDE using frequency-domain interpolation approach. The improved method takes advantage of the
temporal and spatial correlation of the MIMO fading channel
to estimate the changes of the channel response of data blocks
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Fig. 4. BER performances of 4 × 4 MIMO FDE using the new channel estimation. The fading channel has no inter-tap correlation nor spatial correlation.
Other parameters of the channel are the same as those in Fig. 3.

Fig. 5. BER performances of MIMO FDE in triply-selective fading channels.
The channel estimation method takes spatial/inter-tap correlation into account
and achieves better performance. QPSK modulation was used in all cases.

thus achieving better estimation accuracy. The interpolation
vector only depends on the second-order statistics of the fading
channels and may be computed through off-line training or
statistical channel models. Computer simulation results have
shown that the proposed method performs very well in fast
time-varying channels with Doppler shifts up to 300 Hz.
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